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Is perturbative study of ground-state correlations valid?
Mitsuru Tohyama
Faculty of Medicine, Kyorin University, Mitaka, Tokyo 181-8611, Japan
Perturbative approaches have often been used to include the effects of ground-state correlations in
extended theories of the random-phase approximation. Validity of such approaches is investigated
for a solvable model where comparison with exact solutions can be made. It is pointed out that
there is a case where perturbative approaches give good results in spite of the fact that interaction
strength is far beyond a perturbative region.
PACS numbers: 21.60.Jz
I. INTRODUCTION
Magnetic dipole transitions in doubly LS closed-shell
nuclei such as 16O and 40Ca would be forbidden if
the Hartree-Fock (HF) theory gave good description of
the ground states of these nuclei. Contrary to the
HF assumption, strong magnetic dipole transitions have
been observed in 16O and 40Ca [1] and the importance
of ground-state correlations (core excitations) has been
pointed out [1, 2]. Obviously the random phase approx-
imation (RPA) based on the HF ground state cannot be
applied to the magnetic dipole transitions in these nu-
clei. Various attempts have been made for the exten-
sion of RPA to include the effects of ground-state cor-
relations. The renormalized RPA (rRPA) [3, 4] includes
ground-state correlation effects via the fractional occu-
pation probability nα of a single-particle state α, which
plays a role in opening new particle (p)–p and hole (h)–
h transitions. Ground-state correlations not only bring
the fractional occupation of the single-particle states but
also give a correlated two-body density matrix C2. The
self-consistent RPA (SCRPA) [5, 6] includes both nα and
C2: C2 modifies the energies of p–h, h–h and p–p pairs
and also p–h, p–p and h–h correlations. In rRPA and
SCRPA nα is self-consistently determined by the one-
body amplitudes which are given as the solutions of ex-
tended RPA equations: In SCRPA C2 is also given by the
one-body amplitudes. The response function formalism
of refs. [7, 8] uses a perturbative approach (PA) to cal-
culate nα and C2. The extended second RPA (ESRPA)
[9, 10] implements nα and C2 in the second RPA equa-
tion in a way similar to the response function approach.
PA has also been used to calculate nα’s in
16O [11] and
the sum rule values for spin-isospin modes in 16O and
40Ca [12]. The extended RPA of refs.[13, 14] uses nα and
C2 obtained from ground-state calculations based on the
time-dependent density-matrix theory (TDDM) [16].
Here we focus on a controversy over the application of
PA, which still seems unsolved to our knowledge. The PA
calculations [8–12] give large deviation of nα’s from the
HF values (nα = 1 or 0) in closed-shell nuclei. TDDM
calculations also show that nα’s in
16O [13] and 40Ca [14]
deviate more than 10 % from the HF values. These PA
and TDDM calculations indicate that the ground states
of doubly-closed shell nuclei are highly correlated. How-
ever, the authors of ref.[15] have claimed that the PA
calculations [8–12] use the perturbative expression for
nα far beyond the region where the assumption of PA
is justified and that the effects of ground-state correla-
tions are largely overestimated in PA. In this paper the
validity of the PA expressions for nα and C2 is investi-
gated in the case of the Lipkin model [17]. We use the
TDDM equations to interpret the exact solutions because
TDDM well reproduces the exact values. The results for
the ground state of 16O are also presented as a realistic
case. It is shown that there is a situation where the PA
expressions give good results in spite of the fact that in-
teraction strength is beyond a perturbative region. The
paper is organized as follows. The formulation of TDDM
and its perturbative limit are presented in sect. 2, the
obtained results are given in sect. 3 and sect. 4 is devoted
to summary.
II. FORMULATION
We use the TDDM equations to interpret the behav-
ior of the exact solutions because TDDM well reproduces
the exact values. The formulation of TDDM and its per-
turbative limit are given below.
A. Time-dependent density-matrix theory
The TDDM equations consist of the coupled equations
of motion for the one-body density matrix (the occupa-
tion matrix) nαα′ and the correlated part of the two-body
density matrix Cαβα′β′ (C2) [16]. These matrices are de-
fined as
nαα′(t) = 〈Φ(t)|a
+
α′aα|Φ(t)〉, (1)
Cαβα′β′(t) = ραβα′β′(t)− (nαα′(t)nββ′(t)
− nαβ′(t)nβα′(t)), (2)
where |Φ(t)〉 is the time-dependent total wavefunction
|Φ(t)〉 = exp[−iHt]|Φ(t = 0)〉, ραβα′β′ is the two-body
density matrix ( ραβα′β′(t) = 〈Φ(t)|a
+
α′a
+
β′aβaα|Φ(t)〉).
Here, H is the total Hamiltonian and units ~ = 1 are
used hereafter. The equations of motion for nαα′ and
2Cαβα′β′ are written as
in˙αα′ =
∑
λ
(ǫα − ǫα′)nαα′
+
∑
λ1λ2λ3
[〈αλ1|v|λ2λ3〉Cλ2λ3α′λ1
− Cαλ1λ2λ3〈λ2λ3|v|α
′λ1〉], (3)
iC˙αβα′β′ = (ǫα + ǫβ − ǫα′ − ǫβ′)Cαβα′β′
+ Bαβα′β′ + Pαβα′β′ +Hαβα′β′ + Tαβα′β′ ,(4)
where ǫα is the single-particle energy and 〈αβ|v|α′β′〉 the
matrix element of a two-body interaction v. The term
Bαβα′β′ in eq. (4) includes only the occupation matrices
and describes 2 particle (p) – 2 hole (h) and 2h–2p excita-
tions, playing a role as a source term. The terms Pαβα′β′
and Hαβα′β′ contain C2 and express p–p (and h–h) and
p–h correlations to infinite order, respectively [16]. The
Tαβα′β′ term gives the coupling to the three-body corre-
lation matrix (C3). Approximations for C3 are needed
to close the equations of motion within nαα′ and C2. In
this study we use the following truncation scheme [18]
Cp1p2h1p3p4h2 =
1
N
∑
h
Chh1p3p4Cp1p2h2h, (5)
Cp1h1h2p2h3h4 =
1
N
∑
p
Ch1h2p2pCp1ph3h4 , (6)
where p and h refer to particle and hole states, respec-
tively and N is given by
N= 1 +
1
4
∑
pp′hh′
Cpp′hh′Chh′pp′ . (7)
These expressions were derived from perturbative consid-
eration using the Coupled-Cluster-Doubles (CCD)-like
ground state wavefunction [19] |Z〉
|Z〉 = eZ |HF〉 ≈ (1 + Z)|HF〉 (8)
with
Z =
1
4
∑
pp′hh′
zpp′hh′a
†
pa
†
p′ah′ah, (9)
where |HF〉 is the HF ground state and in the lowest
order of v zpp′hh′ is given by
zpp′hh′ = −
〈pp′|v|hh′〉A
ǫp + ǫp′ − ǫh − ǫh′
. (10)
Here, the subscript A means that the corresponding ma-
trix is antisymmetrized. In the lowest order of zpp′hh′ the
two-body correlation matrices are given by
Cpp′hh′ ≈ zpp′hh′ , (11)
Chh′pp′ ≈ z
∗
pp′hh′ , (12)
and the three-body correlation matrices by
Cp1p2h1p3p4h2 ≈
∑
h
z∗p3p4hh1zp1p2h2h, (13)
Cp1h1h2p2h3h4 ≈
∑
p
z∗p2ph1h2zp1ph3h4 . (14)
These relations suggest the expressions for Cαβγα′β′γ′ in
terms of Cpp′hh′ given by eqs. (5) and (6). The factor
N was introduced to simulate many-body effects which
reduce C3 in large N systems and (or) strongly interact-
ing regions of the Lipkin model. In a perturbative region
where the second term on the right-hand side of Equa-
tion (7) is smaller than unity, N has the meaning of the
normalization factor of the total wavefunction.
B. Perturbative limit of TDDM
In the lowest order of v the TDDM equations give the
perturbative expressions for nα and C2 [20]. For small
v the B term is dominant in eq. (4) and the stationary
condition of C2 gives
iC˙αβα′β′ = (ǫα + ǫβ − ǫα′ − ǫβ′)Cαβα′β′
+ Bαβα′β′ = 0, (15)
where Bαβα′β′ is given by
Bαβα′β′ = 〈αβ|v|α
′β′〉A((1 − nα)(1− nβ)nα′nβ′
− nαnβ(1− nα′)(1− nβ′)). (16)
Here, the occupation matrix is assumed diagonal. Using
the HF assumption nα = 1 or 0, we obtain the same
result as eq. (10)
Cpp′hh′ = −
〈pp′|v|hh′〉A
ǫp + ǫp′ − ǫh − ǫh′
. (17)
Inserting this into eq. (3) with n˙αα′ = 0, we obtain
np = lim
p′→p
npp′ = lim
p′→p
1
ǫp′ − ǫp
×
∑
p1h1h2
(
〈pp1|v|h1h2〉〈h1h2|v|p′p1〉A
ǫh1 + ǫh2 − ǫp′ − ǫp1
+
〈pp1|v|h1h2〉A
ǫp + ǫp1 − ǫh1 − ǫh2
〈h1h2|v|p
′p1〉)
=
1
2
∑
p1h1h2
∣∣∣∣ 〈pp1|v|h1h2〉Aǫp + ǫp1 − ǫh1 − ǫh2
∣∣∣∣
2
. (18)
Similarly, ∆nh = 1− nh is given as
∆nh =
1
2
∑
h1p1p2
∣∣∣∣ 〈hh1|v|p1p2〉Aǫh + ǫh1 − ǫp1 − ǫp2
∣∣∣∣
2
. (19)
Equations (17)-(19) have been used in the PA calcula-
tions [8–12]. In the lowest order of v, N in eq. (7) is
expressed as
N = 1 +
1
2
(∑
h
∆nh +
∑
p
np
)
. (20)
3When nα’s deviate more than 10 % from the HF val-
ues as the perturbative calculations [8–12] have sug-
gested, the perturbative condition N ≈ 1 is easily vi-
olated [15]. In eq. (4) the B term decreases with in-
creasing np (and decreasing nh) due to the occupation
factor (1− np)(1− np′)nhnh′ and the P , H and T terms
as a whole play a role in modifying the energies of the
2p–2h configurations at least in an interaction region
where Cpp′hh′ still dominates C2. Therefore, the results
in TDDM for Cpp′hh′ in that interaction region may be
interpreted by an expression similar to eq. (17)
Cpp′hh′ = −
Bpp′hh′
Epp′hh′
, (21)
where Epp′hh′ = ǫp + ǫp′ − ǫh − ǫh′ + ∆E. Here, ∆E
describes a decrease in the 2p–2h energy with increasing
interaction strength. In the case of the Lipkin model the
value of ∆E can be estimated from the energy of the
second excited state which has the same symmetry as
the ground state.
III. RESULTS
The Lipkin model [17] has extensively been used to test
theoretical models. It describes an N -fermions system
with two N -fold degenerate levels. The upper (lower)
levels have energies ǫ/2 (−ǫ/2) and quantum number p
(−p) with p = 1, 2, ..., N . The Hamiltonian is given by
H = ǫJz +
V
2
(J2+ + J
2
−), (22)
where the operators are the followings
Jz =
1
2
N∑
p=1
(c+p cp − c−p
+c−p), (23)
J+ = J
+
− =
N∑
p=1
c+p c−p. (24)
For χ = |V |(N − 1)/ǫ ≤ 1 the HF ground state is given
by |HF〉 =
∏N
p=1 c
+
−p|0〉, where |0〉 is the true vacuum.
For χ > 1 the lowest single-particle states are obtained
by the transformation(
a+−p
a+p
)
=
(
cosα sinα
− sinα cosα
)(
c+−p
c+p
)
,
(25)
where α satisfies cos 2α = 1/χ. The HF ground state in
this case is often called the ’deformed’ HF (DHF) state
and is given by |DHF(α)〉 =
∏N
p=1 a
+
−p|0〉.
The 2p–2h component Cpp′−p−p′ of C2, the occupation
probability np of the upper state and the ground-state
energy Etot calculated in PA (dotted line) and TDDM
(dot-dashed line) are shown, respectively, in figs. 1–3 as
functions of χ for N = 4. The TDDM equations eqs.
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FIG. 1. Cpp′−p−p′ in PA (dotted line) as a function of χ =
|V |(N − 1)/ǫ for N = 4. The results in TDDM and the
exact values are shown with the dot-dashed and solid lines,
respectively.
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FIG. 2. np of the upper state in PA (dotted line) as a function
of χ for N = 4. The results in TDDM and the exact values
are shown with the dot-dashed and solid lines, respectively.
(3) and (4) are solved by using the adiabatic method
[18]. The solid lines depict the exact values. The TDDM
results are in good agreement with the exact solutions.
The results in PA for Cpp′−p−p′ start to deviate from the
exact values around χ = 0.5. Since the energy of the 2p–
2h configuration estimated from the exact energy of the
second excited state is unchanged in the case of N = 4,
the deviation of the PA results is solely explained by the
B term in eq. (16), that is, the decrease of the occupation
factor (1− np)(1− np′)n−pn−p′ with increasing np. The
ground-state energy Etot in PA remains close to the exact
values till χ = 1 where np and Cpp′−p−p′ in PA deviate
about 20 % from the exact values. This is due to the
cancellation of errors in the single-particle part and the
interaction part of Etot. As can be seen in figs. 1-3,
the perturbative expressions are valid for χ < 0.5 where
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FIG. 3. Etot in PA (dotted line) as a function of χ for N = 4.
The results in TDDM and the exact values are shown with
the dot-dashed and solid lines, respectively.
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FIG. 4. Same as fig. 1 but for N = 6.
PA gives N < 1.077, meaning the genuine perturbative
region.
The 2p–2h component Cpp′−p−p′ of C2, the occupation
probability np of the upper state and the ground-state
energy Etot calculated in PA (dotted line) and TDDM
(dot-dashed line) are shown, respectively, in figs. 4–6 as
functions of χ for N = 6. The solid lines depict the ex-
act values. The TDDM results are in good agreement
with the exact solutions. In the case of N = 6 the agree-
ment of the PA results with the exact solutions extend to
χ ≈ 2. At χ = 2 PA gives N = 2.2 which means that it is
far beyond the perturbative region. The decrease in the
occupation factor is somewhat compensated by the de-
crease in the energy of the 2p–2h configuration as shown
in fig. 7 where (1 − np)(1 − np′)n−pn−p′ and Epp′−p−p′
estimated from the exact energy of the second excited
state are shown as functions of χ. The fact that PA gives
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FIG. 5. Same as fig. 2 but for N = 6.
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FIG. 6. Same as fig. 3 but for N = 6.
good results does not mean its validity beyond the per-
turbative region. It is a result of cancellation between
the two competing non-linear effects as shown in fig. 7.
ForN ≥ 8 the validity of PA is restricted to the pertur-
bative region χ < 0.5 as shown in figs. 8–10 for N = 10
where the results in DHF are also given with the dashed
lines. PA gives N < 1.07 for χ < 0.5. As shown in
fig. 11, the decrease in the occupation factor f is not
compensated by the decrease in the energy of the 2p–
2h configuration Epp′−p−p′ . The large deviation of the
PA results from the exact values beyond χ = 1 is also
explained by the fact that DHF becomes good approxi-
mation for large χ and N [18], as shown in figs. 8–10.
Thus it is found that in the Lipkin model PA can give
good results beyond the perturbative region (N ≈ 1) in
the limited case of N = 6.
Now let us turn to a realistic case of 16O.We performed
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FIG. 7. Occupation factor f = (1 − np)(1 − np′)n−pn−p′
(slid line) and the excitation energy Epp′−p−p′ of the 2p–2h
configuration (dotted line) as functions of χ for N = 6.
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FIG. 8. Same as fig. 1 but for N = 10. The dashed line
depicts the results in DHF.
the PA calculations for nα’s using a simple residual in-
teraction [13] consisting of only the t0 and t3 terms of
the Skyrme III force [21] and the 1p3/2, 1p1/2 and 1d5/2
single-particle states for both protons and neutrons. The
obtained results are compared with the results in exact
diagonalization approach (EDA) using the same interac-
tion and single-particle states as those used in the PA cal-
culations. The perturbative expression gives nα =0.912,
0.894 and 0.094 for the proton 1p3/2, 1p1/2 and 1d5/2
states, respectively whereas the corresponding EDA re-
sults are 0.888, 0.856 and 0.123, respectively: TDDM
gives 0.890, 0.865 and 0.119, respectively. Although the
value of N = 2.128 obtained from nα’s far exceeds unity,
PA only slightly underestimates the occupation probabil-
ities. As mentioned above, this should be understood not
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FIG. 9. Same as fig. 2 but for N = 10. The dashed line
depicts the results in DHF.
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FIG. 10. Same as fig. 3 but for N = 10. The dashed line
depicts the results in DHF.
as the justification of PA but as a result of cancellation
of the competing nonlinear effects.
IV. SUMMARY
The validity of the perturbative approach (PA) for the
occupation probability nα and the two-body correlation
matrix C2 was tested for the Lipkin model by comparing
with the exact solutions. It was found that in the case of
N = 6 PA rather well simulates the exact solutions even
in an interaction region where a perturbative assumption
is not justified. By using the equation for C2 in the time-
dependent density-matrix theory (TDDM) it was pointed
out that this is a result of cancellation of the decrease in
(1 − np)(1 − np′)nhnh′ with increasing (decreasing) np
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FIG. 11. Same as fig. 7 but for N = 10.
(nh) and that in the energy of the 2p–2h configurations
with increasing interaction strength. It was also found
that for N = 4 and N ≥ 8 the validity of PA is limited
to a genuine perturbative region (χ < 0.5). PA was also
applied to 16O and it was found that the occupation prob-
abilities in PA reasonably agree with the results in exact
diagonalization approach though the large deviation of
the PA results from the Hartree-Fock values indicates
that a perturbative assumption is not justified.
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